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Abstract 

In this paper we prove Liouville type result for the stationary solu- 
tions to the compressible Navier-Stokes-Poisson equations (NSP) and 
the compressible Navier-Stokes equations(NS) in M. N , N > 2. Assum- 
ing suitable integrability and the uniform boundedness conditions for 
the solutions we are led to the conclusion that v = 0. In the case of 
(NS) we deduce that the similar integrability conditions imply v = 
and p =constant on Mr. This shows that if we impose the the non- 
vacuum boundary condition at spatial infinity for (NS), v — > and 
P — > Poo > 0, then v = 0, p = p^ are the solutions. 
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1 Introduction 



We are concerned on the stationary Navier- Stokes- Poisson equations in Mr, 
N > 2. 



div(» = 0, (1.1) 

div(pv ® v) = - Vjj + kpV® + pAv + (p + A) Vdiv v, (1.2) 

A$ = p-p , (1.3) 

p = ap 7 , 7 > 1. (1.4) 



The system (NSP) describes compressible gas flows, and p,v,$> and p denote 
the density, velocity, the potential of the underlying force and the pressure 
respectively. The constant p > is called the background state. The 
viscosity constants A, p satisfy p > 0, A + p > 0. Here k is also a physical 
constant, which signifies the property of the forcing, repulsive if k > and 
attractive if k < 0. In particular, in the case k — 0( and without (11.31) ) 
the system reduces to the following stationary compressible Navier-Stokes 
equations(NS). 

div(pv) = 0, (1.5) 
div(pt> g) v) = — Vp + pAv + (p + A)Vdivt>, (1.6) 
p = ap 1 , 7 > 1. (1.7) 

For the general treatment of the system (NSP) and (NS), including the 
Cauchy problem of the time dependent equations we refer e.g. [21 HJ 13 E] . 
Here we prove a Liouville type theorem of the stationary systems (NSP) and 
(NS) as follows. 

Theorem 1.1 Let N > 2. 

(i) (Navier-Stokes Poisson equations): Suppose (p, f,$) is a smooth solu- 
tion to (NSP) with k 0, satisfying 

||p||i- + + ||Vv ||l2 + ||f|| n < oo, (1.8) 

and the additional condition 

veL^(M N ) (1.9) 
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if N > 7. Then, v = on M> N . The functions $ and p are determined 
by solving the system: 

H k (1.10) 
A$ = p - Po . 

(ii) (Navier- Stokes equations): Suppose (p,v) is a smooth solution to {NS) 
satisfying 

U« + ||Vv|Ua + |H| at < oo, (1.11) 



and the additional condition $1.90 if N > 7. Then, v — and p =constant 
on R N . 

Remark 1.1 Let us compare the above theorem with the previous result in 
[1], which says that a solution to (NS) satisfying 

HVHU 2 + IMI^ + IHU 1 < 00 ( L12 ) 

is vacuum, p = 0. The main difference between (j!.12p and (11.111) is that in 
(I1.12p we are assuming the spatial infinity is vacuum, 

p(x) — > as |x| — > oo, (1-13) 

while in (11.111) it is allowed to have 

p(x) — > poo as |x| — > oo (1-14) 

for a constant > 0. Even with such non- vacuum condition at infinity the 
Liouville type result holds. In particular for the 2D stationary Navier-Stokes 
equations if v G H 1 ^ 2 ) and p satisfies (11.141) . then v = and p = p^ on M 2 . 



2 Proof of Theorem 1.1 



Proof of Theorem 1.1 Let us consider a radial cut-off function a G 



C^(R N ) such that 
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and < <j(x) < 1 for 1 < |x| < 2. Then, for each R > 0, we define 

:=<T R (\x\)eC?(R N ). (2.2) 

We multiply (II. 2p by vctr(x), and integrate over W N , and integrate by part 
to obtain, 



p / |Vi>| ctr dx + (/i + A) / (div v) (j^dx 
Jr n Jr n 

= — p / v • (Vctr ■ V)i> dx — (p + A) / / div v(v ■ V)<tr da; 
Jrjv Jr n Jr n 

+k / (Jrp{v ■ V)$ dx — / ctr{v ■ V)pdx — I <jrv ■ div (pv ® v) dx 

Jr n Jr n Jr n 

:=h + --- + I 5 . (2.3) 
Let us estimate I\ , • • • ,I 5 term by term. 

\h\ < t- \Va\\v\\Vv\dx 



R 



{R<\x\<2R} 



£ tVajr (J^^^ dxj " Mi », (Rsws2fi) ||V,|U 3(SSM£2fi) 
< C|| Vo-H^oo || Vv||z,2|| Vv||z,2( jR <| a: |<2 J R) -> (2.4) 

as R — > oo, where we used the Sobolev inequality, ||u|| 2^ < C||Vf ||l2. 
Estimate of I2 is similar to 1% and we have 

\h\ < / V^rl I r| I Vr dx 



R 



{R<\x\<2R} 



< C||Vcr|| L oo||Vw||L2||Vv|| L 2 (jR <| a ,|< 2jR) -> (2.5) 
as R 00. In order to estimate ^3 we first integrate by part to obtain 



-k I a Rdiv (pv)<& dx — k / $p(i; • V)<tr dx 
- — k / $p(t> • V)ctr dx, 
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where we used ( II. ip . Therefore, 

k f 

\h\ < i^II^^IU 00 II^IU 00 IIpIU°° / \v\dx 

R J{R<\x\<2R} 

< ^llVa|| L oo||$|| L oo||p|| L cx>||v|| jv ->■ (2.6) 

- ii ii ^ n iii. nni-^ n H jL 7^r=T (i? <| :z ,|< 2 ^ ) v ; 

as — > oo. In order to estimate I4 we write the pressure term in the following 
form: 

Vp = aVp 7 = -^-pVp 7 " 1 . 
7-1 

Then, we have 



7-1 

07 

7 

07 



cjRpt' • Vp 7 1 cfx 

17 /* cfy f 
/ a R div (pv)p 1 ~ dx H / p 1 (v-V)a R dx 

— 1 JR^ 7 ~ 1 JH^ 

- / p 7 (v • V)a R dx 

1 JR^ 
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thanks to (II. ip . Thus, we estimate 



\h\ < / \v\\Va\dx 

(7 - l)K J{R<\x\<2R} 

< C||Va|| L oc||p|| 7 llvll N ^0 (2.7) 

~~ r " Ll " " (R<\x\<2R) y ' 

as R — y 00. For the term J 5 we first compute by integration by part 

f 1 N f 

h = o- R \v\ 2 div (pv) dx + - / a R p(v -V)\v\ 2 dx 
Jr n 1 r— i Jr^ 

= — / a R div (pv)\v\ 2 dx j \v\ 2 (v ■ V)cr R dx 

= ~\ I \ v \ 2 ( v ' V)a R dx. 
^ Vr^ 



Therefore, we estimate 



|/ 5 | < ^- I \v\ 3 \Va\dx. (2.8) 



2R 



{R<\x\<2R} 



We estimate the right hand side of (12. 8ft . depending on N. 



(i) For JV = 2 we use the following Ladyzenskaya's inequality([3]), 



lL 2 

to estimate 

i/ 5 i < f \ v \u x ) l ([ dx 



{R<\x\<2R} 



2R 

< C\\Va\\ L oo\\v\\%R-^ 

< C r ||V<T||Lco||v||| a ||VT;||| a i2-3-).0 (2.9) 

as R — > oo. 

(ii) For N = 3 we use the L p — interpolation followed by the Sobolev in- 
equality 

u,, < m^ff M t dx Y(r ^ 



\J{R<\x\<2R} / \J{R<\x\<2R} 

< C||Va|| L oc||v|| 3 9 

< C||Va|U-||i;|p3 || v ||| 6 

{R<\x\<2R) ^ 

< C||V(7|Uoc||«||'s ||Vv||f a -»-0 (2.10) 

" " " 11 hi (R<\x\<2R) U " L V ' 



as R — y oo. 
fiii) For 4 < iV < 6 we estimate 



\\Va\ 



\h\ < " ':" L °~ [ I \v\^dx\ ( / idx 

ZK \J{R<\x\<2R} J \J{R<\x\<2R} 

< C||Va|| L oo||d| 3 2V ^2-f^ / 211 n 

L^~^ (R<\x\<2R) 

as R — y oo, since \\v \\ < C||Vv||l 2 < oo. 

3iV 

(iv) For JV > 7 we use the additional hypothesis v G L^- 1 (R^). 



2JV 



3(iV-2) 6-A- 
2N / C \ 2N 



N-l J_ 

HI < »(/ )" (/ 

^ \V{fl<|a;|<2B} / W{K<|cc|<2i?} 

< C||W|| L oo|H| 3 -> (2.12) 

L^=T (R<\ X \<2R) 
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as R — > oo. 



Thus passing R ->• oo in (Q, we find from f[2T4j) -f l2TT2]) that 

/ |Vv| 2 dx + (/i + A) / (div v ) 2 = 0, 
Jr^ Jr^ 

and v = constant vector in R , which combined with the integrability con- 
ditions provides us with v = 0. Thus the equation (jl.2p is reduced to the 
first part of (11.101) . In the case of (ii) the reduced equation is Vp = 0, which 
implies that p =constant. □ 
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